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§1.  By  the  "distribution  of  the  increments"  of  a Borel  function  I- : Id, I I * IR  , 

/w 

I mean  the  measure 


1 1 

MB)  = / J 1 (F(s)-F(t ) )dsdt  , 

0 0 

B a Borel  set  in  IR  . A is  the  convolution  o occupation  measure"  p(B) 

mil-  ^ ( B) ) with  p(-B);  here  m in  Lcbcsgue  measure.  When  p <<  m,  wiite  nix) 
for  the  Radon-N i kodym  derivative  (x)  (the  "local  time"  of  F at  Of  course 

U « m implies  A <<  m and 


(1)  A ( x ) — (x)  = / a(y)ct(x  + y)dy  . 

-<x> 

Although  this  paper  treats  only  smooth  F’s  (at  least  C1),  the  relevant  background 
consists  of  two  general  results  from  |3|.  Throughout,  i|/  will  denote  a nonnegative. 


This  work  was  partial! y supported  by  National  Science  Foundation  grant 
MGS  76-06591)  and  by  the  Office  of  Naval  Research  Contract  N0001 4 -75  C-0809. 
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r;sr.?/R  n;r\;nn  in 


Borel  measurable  function.  Define 


1 1 

IU’;F)  = / / <MF(sJ-I:(t))dsdt  = / <MA  " • 

0 0 

Then  (a)  if  ^ is  even,  decreasing’  on  ((),<“),  and  nonintcgrable  on  (0,1),  then 
for  any  F;  (b)  d <<  m with  ael.“  if  and  only  if  1 ( tp ; 1 \)  < VT,1',  l.1. 

Now  for  F differentiable  a.e.,  it  <<  in  if  and  only  if  D^  {t:  l;,(t)  - 0 1 
has  hebesgue  measure  0.  Suppose  IT  C, ' (i.e.  has  a continuous  derivative,  wit 
the  usual  conventions  about  the  endpoints)  and  D{)  0 , m(P())  = 0.  then,  as 

the  Theorem  states,  1 i in  A(x)  = 00 . ( The  additional  assumptions  made  on  I' 

xt°  . 1 

below  are  not  needed  for  this.)  Hence  I(iJj;F)  = •"  lor  some  ijs  I.  (and  so 

oil,")  because  A ••  m implies 

(-’)  I(t|r,l;)  = / A(x)i)t(x)dx  . 


So,  the  question  arises:  for  which  tj’’s  - in  particular,  which  monotone  ones 

is  I C 4' ; i ' ) < 0O?  This  depends  on  the  nature  of  the  singular  point  s of  A. 

Assume  now  1)^  i It , F is  C and  th,it  F"(t)  f 0 tor  all  t<  P . Then  P is 

finite,  say  I),,  ~ ja.l^  ,,  (I  a.  < a a,  1.  Let  A.  = l'(n-)  and  let 

{ It . [ ^ , denote  the  (distinct)  elements  of  fA.-A.f  for  which  there  exist 

i i - 1 i j 

tj  ,ty  li()  with  l"(t  ! ) I " ( t ,)  • (land  F(  t j )-!•'(  t , ) A.  A . . |lt.[  is  symmetric 
about  0 and  contains  0.  For  the  version  of  A ( x ) given  by  (1): 


THEOREM.  A ( x ) is  continuous  on  IK  \ { It . 1 ‘ and 

i 1 


A ( x ) 


A (x) 


,3;j)  0 H-f-  -logl^r-Ti'  i 1";;  <" 

x >B - i 1 x >B.  i 1 


Conscr/uiuitly,  tor  <|r  I. 


Ab ) l(ijt;F)  <’»’<>  ip<  1.  f } | log | x-B.  | | d x 1 . 

i'l  1 


In  particular,  it  iji  is  even  and  docroasi n<i  on  (0,'')/  then 


l(i[>;F)  < 00  <— > / i)j(x)log  1/x  dx  < 00  . 
0 


52.  The  fact  that  the  singularities  of  A occur  among  the  points  {A. -A.}  is 

aa*  1 J 


fairly  obvious.  Indeed  for  F as  above  ([4]) 


(4)  u(x)  = l | F 1 (s)  | " 1 . 

seF  ( { x } ) 

(Since  F(l)g)  has  measure  zero,  it  doesn't  matter  how  a is  defined  there.) 
Clearly  a is  well-behaved  off  {A.},  and,  in  turn,  A off  {A.-Aj}.  (Actually, 
(4)  is  valid  for  any  F such  that  F'  exists  a.e.,  although  "scF  ^ f { x i ) ” must 
be  replaced  by  "seF  1 ( { x } ) n (F1  exists,  finite}"  and  neither  F({|l''|  = '»•} ) 
nor  F((F'  doesn't  exist})  need  have  measure  0.) 

The  Co-Area  Theorem  [2],  applied  to  the  Lipschitz  function  s,t  ► F(s)-F(t), 
leads  to  this  expression  for  A: 


A (x)  = //.  I (F ' ( s) ) 2 + (F'(t))2r,/‘ll(dsdt)  ; 


here  U*  = f(s,t):  F(s)-F(t)  = x}  and  I!  is  one-dimensional  llausdorff  measure  in 

2 

IR  . This  shows  clearly  where  A might  explode.  Nonetheless,  I will  not  refer 
again  to  (5),  but  instead  work  with  the  version  of  A given  by  (1)  with  a as 
in  ( 4 ) . 

That  the  singularities  of  A are  logarithmic  is  perhaps  not  as  evident,  and 
emerged  in  a curious  way.  To  get  an  idea  of  when  l(i|<;F)  is  finite,  (ii  I.1  , 
choose  a convenient  random  function  X(t,u>),  0 • t I,  tocSl,  with  smooth 
trajectories  and  compute  the  expected  value  b(  I (<|>;X(  • ,ui) ) of  the  random  variable 
a)  -►  I (i|>;  X(  • ,u)) ) . For  instance,  let  X(t,u>)  be  Caussian,  mean  0,  o“(s,t) 


l(X(s)-X(t  ))“.  Then 


4 


1 1 00  . 

= / / / iKx)  [2ira(s,t)  I*  exp{- 
0 0 -°o 


2 

y- } dxdsdt  . 

2a  (s,t) 


Tor  simplicity,  and  to  insure  the  differentiability  of  the  sample  functions, 
suppose  there  arc  constants  0 < Cj  < C7  < 00  3 Cj|s-t|  < o(s,t)  < C,|s-t|  Vs.t. 
(i'or  example,  X(t,m)  is  stationary,  r(t)  ; liX^. X()  i r(0),  t/  l),  and 
-r"(0)  < “>.)  A straightforward  computation  yields  (for  p even): 

<x>  2 y 

1:{  I (i|); X ( • ,ui) ) 1 <“<■■>{  c ' / ijt(x)dxdy  < ; 

()  y 0 

1 X 

equivalently,  M (x)  ~ — j <Jt(u)du  is  intcgrable  around  the  origin,  say  over  |(),1|. 
I,;  X 0 

if  ijt  is  decreasing  on  (O,00),  then  M (x)  is  the  usual  maximal  function: 

, v 

M,  (xj  = sup  — - / t|t(y)dy  , 0 < x < 1 ; 

r 0<u<x<v<i  u 

hence  M^tl,*[0,l|  if  and  only  if  lJitLlogl.,  i.c. 

1 

/ iji(x)  log  ip  (x)dx  < a>  . 

0 

Whether  or  not  ij;  is  monotone,  iubini's  theorem  shows 

1 1 1 

/ M,  (x)dx  = / iKx)  log  - dx  . 

0 1 0 X 

Consequently,  I (<p;  X(  • ,u>) ) < ® a.s.  for  any  0 ■ iptL1  with  iji(x)log  I 1 1 0 , ] | , 
and  likewise  for  any  stochastic  process  which  satisfies  several  mild  conditions 
concerning  the  distribution  of  its  derivative  X'fs.ui).  This  is  a "stochastic 
version"  of  the  roa 1 -variable  theorem  above:  only  the  "fixed1 singularity  of 

A at  0 is  picked  up;  the  others  - at  { B . } \ 0 - depend  on  the  specific  function 
and  will  generally  occur  at  any  fixed  point  x..  with  probability  0. 

Rounding  out  the  picture,  it  follows  from  a theorem  of  Hulinsknya 
j 1 | that  the  hi/pothe.ses  of  the  theorem  .ire  valid  I nr  almost  event  sample  tunet  ion 
of  a stochastic  process  X(t,w)  for  which:  (i)  X (•,;,,)  is  C"  a.s.. 


(ii)  for  each  O'  t < 1,  X'(t,U))  has  a density  pt(x)  which  is  bounded  in 
t and  x. 

Condition  (ii)  guarantees  that  { t : X'(t,<a)  = X"(t,w)  = 0}  is  empty  a.s.  Our 
earlier  statement  " I (ip;  X(*  ,u>) ) < <»  a.s.  for  any  ipi  in  LlogL"  can  then  be  strength- 
ened to  "I  (ip;X(* , <jo)  ) < ■»  for  all  in  I.logh,  a.s.,"  i.c.  the  exceptional  in-set  no 
longer  depends  on  t he  particular  ip. 

S3.  Mere  is  the  proof  of  the  theorem,  which  uses  little  else  than  ordinary 

/vw 

calculus.  Recall  that  A is  the  version  of  dA/dm  given  by 

c» 

A ( x ) = / l | F'  (s)  | 1 ,£  | F • (s)  | _1dy  , -<*>  < x < °". 

-°°  seF~  ({x+y})  se I:  ({y}) 


(i)  A is  continuous  off  { B ^ . I will  show  that  A is  continuous  on 


fA.-A.}N  . ,\{B. } V J the  proof  of  continuity  at  xc!R\{A.-A.}  goes  about  the 
- l j t,j  = l i 1 1 i J 

same,  except  is  easier. 


,1. 


bet  A„  = inf  l (s).  A..  = sup  F(s),  and  v(x)  = Card(s:F(s)=x}  s 1 + 

l)  c N+ 1 s 


iN  + 1 


Card { Dg)  < «>.  first,  notice  that  ex  is  continuous  off  {A^}q  4 because 


and  l;  * (defined  piecewise)  are  continuous,  and  because  v(x+e)  = v(x)  for  all 
smal 1 G i f x^l A . ij'j  ' . 

Now  fix  A. -A.^B^Jj' , 1 <i,j  • N,  and  let  (k^.r^)  , l = l,...,q,  be  those 

Assume 


pairs  of  integers  among  {l,2,...,N}  for  which  A,  -A  = A. -A.. 

k2.  ri.  1 J 

l;  MC  a j J < 0 < F"(a-);  then  F"(a^)  < 0 (resp.  F"(a^)  > 0)  for  each  1 < k * N 


with  A.  = A.  (resp.  A,  = A.).  It  follows  that  cx(A.-)=  lim  a(A.-i-)  and 


J 


CkO 


a(A.+)=  lim  a(A.+e)  exist  , finite.  The  same  argument  applies  to  each  A,  ,A 
1 r40  * k».  V 


and  yields: 


(*) 


u(A,  + ) < , u(A  -)  < 1 < H < q. 

ks,  re 


Since  A(x)  is  an  even  function  and  fA.-A.lN  . ,\{B.}*,'  is  svmmetric  about 

i .1  i , j = 1 i 1 


0,  it  will  he  enough  to  check  that  A is  right -continuous  at  A. -A..  Set 

i J 

K(x,y)  = a(y)ot(y+x+A.-A.)  and  let 


TS  ■ k^(Vs-V6>’  "6  ■ MV«.V)  ; 

also,  let  n > 0 be  the  distance  from  A.-A^  to  {An-Am},  (n,m)  ^ f k v , r ? ) . 

Then  A +6 

r£ 

A (x+A . -A . ) = / K(x,y)dy  + / K(x,y)dy  + £ / K(x,yjdy 


W6nT6 


, X nX 
W6"  6 


Id'  A - 6 
r£ 


= P,(x)  + P2(x)  + l P-  Ax) 

1 i £t.F 

where  the  A , l , . . . ,q} , are  distinct  and  6 is  small  enough  that  the 

Z 

intervals  (A  -6, A +6),  £,eF,  are  disjoint. 
rZ  rZ 

If  0 < x < 6/2  and  6 < n/2,  ycW^nTg  =>  y+A.-A^eT^  ~>  y+x+A . -A . t T^  . In 
particular,  s u p a(y+x+A . -A . ) < “>  for  such  x's.  Fonsecpient  ly , recalling 

y.wfnT  1 J 

1 

that  iuL  and  a is  continuous  a.e.,  P . C x ) ■+  P ^ f 0) < 00  as  xIO  (dominated 
convergence  theorem).  Similarly,  P7(x)  < «>  Vx  > 0 and 


| P7(x) -P 7 ( 0) | -s  sup  ct(y)/  |u(x+v) -a(y)  |dy  -*■  0 as  xlO. 

y£TC6  - 


F i na 1 ly , 


fx  + A 

rl  . 


P,  0(x)  = / k(x,y)dy  + / a(y-A .+A  )a(y+x)dy 

3 * 16  A -A  A 1 •’ 


A.  -6 
1 1 


which  converges  to  P^  ^(0)  < 00  as  xIO  by  using  (*)  and  arguing  as  above  with 
Pj  and  P2. 


7 


Next,  F'°F  * satisfies  upper  and  lower  Holder  conditions  of  order  1/2  at  each 
A.,  I < i •:  N.  for  convenience,  assume  0 < aQ  < aN  <1;  the  other  cases  only 
need  some  additional  notation.  For  each  a^l^  and  sc [0,1]  there  are  numbers 

between  s and  a.  with  F'(s)  = F" (£s ) (s-ai)  and  F(s)  - Ai  = (s-ai ) 2. 

It  follows  that  there  are  constants  0 < Cj,C2>C3,C4  < ■»  and  a 6()>  0 such  that 
for  each  1 £ i ? N and  6 < 6^, 

(6a)  C2|s-a  | < |F'(s)|  sejs-aj  , se  (a.-6,a.+6) 

(6b)  C | s-a  | 2 < |F(s)-A  | <C  |s-a.|2,  se (a. -6, a . +6)  . 

^ 1 1 J 1 1 1 

A 

bet  F.  denote  the  inverse  of  F on  = [a^,a.+1J,  1 < i < N-l.  From  (6b) 
an.'  continuity  of  the  F^s,  there  is  a 6 > 0 such  that,  for  each  1 i < N-l, 


(7) 


-■|y-A.|1/2  < |F.(y)-a.|  «r  ^|y-A. 


1/2 


ye (A  j -6,Aj  + 6)nF (J . ) 


1/2 


njly-'i.,!-'-  • * c7ly-Ai,1|1/2.y.lAj,,-s.Au p.m.. 


Let  D(i,6)  = (A., A. +6)  if  F"(a.)  > 0,  = (A. -6, A.)  if  F"(a.)  < 0,  1 < i • N. 
Combining  (6a)  and  (7),  and  reducing  6^  if  necessary,  there  are  constants 
0 < Cg,  < 00  such  that  for  each  1 s i < N-l,  6 < 6(), 


(8) 


c5 1 y-Ai  1 1/2  f;  I F?  Cb'L(y)  j | 


yeD(i ,6) 


and  likewise  (in  case  aN  = 1)  with  A.,  D(i,<S)  replaced  by  A.+J,  l)(i+l,6). 

We  can  assume  that  for  each  i,j  and  each  small  6,  either  D(i,6)  = n ( i , 6 ) or 
l)(  i ,6)nl)(j  ,6)  = 0.  Defining  J0  = ( 0 , a 4 | , dN  = |aN,l|  and  the  correspond i ng 

^ /x  ^ 

inverses  F0,  F^ , it  is  clear  that  (8)  extends  to  F'°F()  and  F ' o F^  at  the 
appropriate  places.  (By  the  way,  both  inequalities  in  (8)  depend  on  F"  / 0 on 


8 


(ii)  lim  A(x)/-log|x-B.|  > 0,  1 < i < L.  Suppose  B.  = A0-A,,  1 P, , k • N, 

“Tn  1 1 X,  K 

x *B . 


and  F"(a^)  < 0,  < 0;  the  other  case,  namely  F"Ca^),  F"(a^)  > 0 is  the  same. 


Afx+B.)  = / a(y+x+A^)a(y+A^)dy 


> / a(y+x+A^Ja(y+Ak)dy,  |x|  < e . 

-e 

Now  for  e small,  the  conditions  J x j < k and  -c  < y < -|x|  together  imply  that 
y+x+A^f D(P.,6())  and  y+A^e I) ( k , 6q)  . Consequently, 

A(x+B.)  2 C“  / ' ' |y+x|"1/2|y|’1/2dy 
-e 


= C5  log 


+ 2c-x 

- I x I x + 2 I x I - x 


, which  is  bounded. 


N 

hot  V = 110,1]  and  U = U V-A. 

i = l 


A(x)  = / u(y)a(x+y)dy 
V 

N -1/2  N 

< const. *[l  +2  If  | y-A - | ~dy  + If  |y-A.I 
i = 1 V i , j = l V 


-1/2|y.,-M-,/2dy| 


const . 


X|1  + If  i y+A. -A  | ~\y+ 

i , j = 1 U J 


-1/2'-x|-J/2dy] 


const. x [ l + £ | log | x- (A. -A j 

i.j  = l 


since  f | y+e  | *^“|y|  ^“dy  = 0(  log  |-~p)  as  c ■>  0. 


As  for  (5b),  let  ll(x)  = 1 + £ ' | log | x-B. | | . Then  l(iJ);F)  < «<  Vi|n  1, 1 ( lldn. ) 

i f and  only  if 

(X) 

f ^4  A ( x)  dx  < <*>  Vtyc  I.1  (dx)  , 

_oo  ^ ' 

if  and  only  if  ess^sup  < °c.  Since  A,  II  are  continuous  from  IK  to  IK  < K 1 . 

this  is  the  same  as  sup  —yj-  < 00  . In  other  words,  the  "lim"  part  of  (5a)  is. 
equi  valent  to  "I(^;D  < 00  Vipe  L ^ (Hdni)  . " Now  if  I(iJj;F)  < 00  and  i|k  I *(dx),  then 
it  is  easy  to  see,  using  the  part  of  (3a)  that  tjdl  is  integrahle.  The 

last  statement  of  the  theorem  follows  from  (5b)  and  the  aforementioned  fact 
that  I(i(/;F)  < 00  and  ijil  imply  tpel. ^f(),lj. 


54.  Let  F(t)  = t“.  Then  l)()  = (B.)  * {()}  and 


/vc\ 


A(x)  = ± log{—  ‘ 1 ' ''  * ' 


For  l'(t)  = sin  Jut,  A ( x ) is  an  elliptic  integral  (of  the  first  hind).  I would  give 
more  examples,  especially  in  "closed  form"  and  with  1,  -I,  if  1 could;  the  compu- 
tations (eveii  for  l:  a third  degree  polynomial)  are  formidable. 

■ I — - B - m 


10 
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